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Spatial sensitivityAbstract Circular thin-plate electrostatic sensors are promising in gas path monitoring due to their
advantages of non-intrusiveness and easy installation. The spatial sensitivity and ﬁltering effect are
two important performance parameters. In this paper, an analytically mathematical model of
induced charge on a circular thin-plate electrode is ﬁrst derived. Then the spatial sensitivity and ﬁl-
tering effect of the circular electrostatic sensor are investigated by numerical calculations. Finally,
experimental studies are performed to testify the theoretical results. Both theoretical and experimen-
tal results demonstrate that circular thin-plate electrostatic sensors act as a low-pass ﬁlter in the spa-
tial frequency domain, and both the spatial ﬁltering effect and the temporal frequency response
characteristics depend strongly on the spatial position and velocity of the charged particle. These
conclusions can provide guidelines for the optimal design of circular thin-plate electrostatic sensors.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Mechanical components in the gas path of a jet engine or gas
turbine are often prone to fatigue due to extreme operating
environments, such as high temperatures and high pressures.
Once early wear or thermal erosion occurs, abnormal debriswill shell off and enter the gas path. This kind of debris always
carry a certain amount of electrostatic charges due to collisions
between particles, impacts between particles and pipelines, and
frictions between particles and air stream.1 These charged
particles will carry some key information of current health
conditions. Generally speaking, the charge has a normal level
when the gas path is healthy, which can be used as a baseline
reference. When gas path components wear or faults appear,
changes in the charge level will be produced by the presence
of abnormal debris carrying charges.2
In recent years, electrostatic sensing techniques have drawn
great attention in many ﬁelds due to their high sensitivity, reli-
ability and low cost.3–6 Various electrostatic sensors have been
developed for measuring particle concentration and size,7–11
monitoring gas path conditions,12 and so on. At present,
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advantages of rod-shaped electrodes include revealing ﬂow
information from various points around the pipeline perimeter
and detecting localized ﬂow phenomena.13 However, the main
disadvantage is that they are intrusive and have to affect the
gas ﬂow. Conversely, ring-shaped electrodes are completely
non-intrusive. However, it is expensive and difﬁcult to install
them in engineering applications. Also it is difﬁcult to detect
localized ﬂow regimes because their induced signals are from
all particles across the cross section of the pipeline. As a com-
promise between these two types of electrodes, circular thin-
plate electrostatic sensors are easy to install and non-intrusive
to the gas ﬂow, so that they are very promising in gas path
monitoring.
In practice, sensing characteristics are very important for
electrostatic sensors. Xu et al.14–16 built a ﬁnite element model
of a ring-shaped electrostatic inductive sensor and investigated
the spatial sensitivity, spatial ﬁltering effect, and temporal fre-
quency response characteristics. Krabicka and Yan17 also
studied signals induced onto intrusive rod-shaped electrostatic
sensors based on ﬁnite element simulations. By now, however,
few studies have been done on circular thin-plate electrostatic
sensors. Ghazali et al.18 just considered circular shape elec-
trodes, but they did not study their sensing characteristics in
detail. Although ﬁnite element modeling (FEM) methods have
been widely used to study electrostatic sensors, the correspond-
ing calculation time is often very long. The innovation of this
paper is to derive a mathematical model for circular thin-plate
electrostatic sensors, so that sensing characteristics can be rep-
resented theoretically. By this way, it should be easier and fas-
ter to study sensing characteristics than using FEM methods.
The goal of this paper is to reveal the relationships between
sensor size, sensor sensitivity and spatial ﬁltering effect, which
can provide guidelines for engineering application.2. Basic principles of circular thin-plate electrostatic sensors
The schematic diagram of a circular thin-plate electrostatic
sensor is shown in Fig. 1, which is composed of a circular
thin-plate electrode, an electrical insulator, a shielding casing,
a charge pre-ampliﬁer, a voltage ampliﬁer and a low-pass ﬁlter.Fig. 1 Schematic diagram of a circuThe circular thin-plate electrode is surrounded by the electrical
insulator. The shielding casing is linked to an earthed pipeline.
This arrangement ensures that the electrode will not affect the
gas ﬂow, which is an important advantage in many engineering
applications.
When charged particles pass through the sensing space,
charges will be induced on the electrode based on the electro-
static induction effect. Theoretically speaking, the total
charges induced on the electrode should be proportional to
the charges carried by the source particles, and the polarity
is opposite. Since the time of charged particles passing through
the sensing volume is insigniﬁcant compared to the inducting
time, the electromagnetic effect generated by the moving
charged particles can be neglected and a pure electrostatic ﬁeld
is assumed to simplify the study.
Once the inner surface charge density r of the circular thin-
plate electrode is known, one can calculate the induced charge
Q based on the integral form of Gauss’ law as follows:
Q ¼
Z
s
rds ð1Þ
Furthermore, r can be calculated by
r ¼ e0E0 ð2Þ
where E0 is the electric ﬁeld intensity and e0 is the permittivity
constant. So the key is to obtain E0 for calculating the induced
charge based on Eq. (1).
3. Mathematical model of circular thin-plate electrostatic
sensors
Assuming a positive point charge, +q, moves in the gas ﬂow
parallel to the pipeline, we will derive a mathematical model
of the induced charge on a circular thin-plate electrostatic sen-
sor. Firstly, electric ﬁeld lines are perpendicular to the surface
of the circular thin-plate electrode, so a mirror negative point
charge, q, is supposed to be symmetrically placed at the other
side of the electrode. Then the distribution of equivalent elec-
tric ﬁeld lines is sketched in Fig. 2.
Next, the axial orientation of the pipeline, and the axial and
radial orientations of the circular thin-plate electrode are set aslar thin-plate electrostatic sensor.
Fig. 2 Distribution of equivalent electric ﬁeld lines of a circular
thin-plate electrode.
814 Z. Chen et al.the x-axis, z-axis and y-axis of the global coordinate system,
respectively. The original point of the global coordinate system
is located at the center of the circular thin-plate electrode, shown
in Fig. 3. P is the current position of+q and P0 is the projection
ofP on the y–z plane.M is an arbitrary position in the surface of
the electrode. NM is perpendicular to PP0 and R is the projec-
tion of N on the x–y plane. / is the angle between PM and the
x-axis. h is the angle between NM and the z-axis.
Then the electric ﬁeld, E, atM generated by +q can be cal-
culated based on Gauss’ law as follows:
E ¼ q
4pe0ðPMÞ2
ð3Þ
Furthermore, the perpendicular component of E to the elec-
trode is
E? ¼ E sin/ cos h ð4Þ
where sin /= NM/PM, cos h= RN/NM.
Thus we have
E? ¼ ENM
PM
 RN
NM
¼ E RN
PM
¼ q
4pe0ðPMÞ2
 RN
PM
ð5Þ
where PM2 = NM2 + NP2, NM2 = NR2 + RM2.Fig. 3 Electric ﬁeld density distribution of circular electrode.Denoting the global coordinates of P andM as (x, y, z) and
(xm, ym, 0), respectively, we have
NP ¼ x xm;RN ¼ z;RM ¼ ym  y ð6Þ
PM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2 þ ðym  yÞ2 þ ðx xmÞ2
q
ð7Þ
Then Eq. (5) can be written as
E? ¼ qz
4pe0½z2 þ ðym  yÞ2 þ ðx xmÞ2
3=2
ð8Þ
Based on Eqs. (1) and (2), the induced charge of an
inﬁnitesimal area dA centering at M on the circular electrode
is calculated as
dQ ¼ 2e0E?dA ¼ 2e0E?dxmdym ð9Þ
Finally, the total induced charge of the circular electrode is
Q¼ qz
2pe0
Z r
2
r2
Z ﬃﬃﬃﬃﬃﬃﬃﬃﬃr2
4x2m
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2
4x2m
p 1
½z2þðymyÞ2þðxxmÞ2
3=2
dymdxm
ð10Þ
By now a mathematical model for the circular thin-plate
electrostatic sensor has been built as Eq. (10). But it is often
inconvenient to calculate Q using Eq. (10), so next we will
transform Eq. (10) into the polar coordinate system as
Q¼ qz
2pe0
Z 2p
0
db
Z r
0
k
½z2 þ ðk sinb yÞ2 þ ðx k cosbÞ23=2
dk
ð11Þ
where r is the radius of the circular thin-plate electrode. k and
b are two integral variables. x, y, and z represent the spatial
coordinates of an arbitrary point P in the sensing space.4. Spatial sensitivity of circular thin-plate electrostatic sensor
In this section, the mathematical model in Eq. (11) is used to
study the spatial sensitivity. According to previous studies,14
the spatial sensitivity of a circular thin-plate electrode can be
deﬁned as the absolute value of the induced charge on the elec-
trode from a unit point charge in its sensing space. Thus the
spatial sensitivity can be deﬁned based on Eq. (11) as
sðx;y;zÞ ¼ Q
q


ðx;y;zÞ
¼ z
2pe0

Z 2p
0
db
Z r
0
k
½z2þðksinb yÞ2þðx kcosbÞ23=2
dk
ð12Þ
Then the spatial sensitivity can be calculated theoretically
using Eq. (12), which is a function of the radius r and the spa-
tial coordinates (x, y, z). Generally speaking, it is often difﬁcult
to obtain the analytical solution to Eq. (12). Here we numeri-
cally calculate it using the MATLAB software. In the follow-
ing, we will analyze the spatial sensitivity by numerical
calculations.
4.1. Variations of spatial sensitivity in z plane
Setting z= z0, the sensing plane of the circular thin-plate elec-
trostatic sensor is shown in Fig. 4(a), which is symmetrical
Fig. 4 Sensing plane at z= z0 and variation of spatial sensitivity
with x and y. Fig. 5 Variations of spatial sensitivity with x at y= 0 for
different z0 and r.
Fig. 6 Sensing plane at y= y0.
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tion of the spatial sensitivity is calculated as Fig. 4(b) when
r= 2 cm. It can be easily found that the spatial sensitivity is
symmetrical with both x-axis and y-axis, and the maximum
value is achieved at (x, y) = (0, 0). Also the spatial sensitivity
decreases with the increase of |x| and |y|. Furthermore, if we
choose a special plane at y= 0, then the spatial sensitivities
for different z0 and r are calculated and shown in Fig. 5.
It can be seen from Fig. 5 that the larger z0 is, the smaller
is the spatial sensitivity, and the more homogeneous is the
spatial sensitivity distribution. It demonstrates that the sensor
is more sensitive to particles adjacent to the electrode. Also
the radius r has a signiﬁcant effect on the spatial sensitivity.
When r increases, the spatial sensitivity also increases. At
the same time, the sensitivity distribution becomes less
homogeneous.
4.2. Variations of spatial sensitivity in y plane
Setting y= y0, the sensing plane of the circular thin-plate
electrostatic sensor is shown in Fig. 6, which is symmetrical
with x-axis. Choosing y0 = 0 cm, the variations of the spatial
sensitivity are calculated as Fig. 7 when r= 2 cm and
r= 4 cm, respectively. It can be seen that the spatial sensitivity
decreases with the increase of z when jxj 6 r. But when |x| > r,
the spatial sensitivity initially increases and then decreases with
further increase of z. Additionally, the spatial sensitivity in the
y plane will increase with radius r.4.3. Variations of spatial sensitivity in x plane
Setting x= x0, the sensing plane of the circular thin-plate
electrostatic sensor is shown in Fig. 8, which has an angular
symmetry with z-axis. Any position in the sensing plane can
be represented by an angle a and a radius q. Choosing
x0 = 0, the variations of the spatial sensitivity with a and q
are calculated as Fig. 9 when r= 2 cm. It can be seen that
the sensitivity increases with both the increase of a and the
Fig. 7 Variations of spatial sensitivity with z at y0 = 0 when
r= 2 cm and r= 4 cm.
Fig. 8 Sensing plane at x= x0.
Fig. 9 Variations of spatial sensitivity with a and q at x0 = 0
when r= 2 cm.
Table 1 Estimations of ﬁtting coefﬁcients under different
radii.
r (cm) k1 k2 k3 k4
1.0 0.0007589 0.1263 0.0005107 0.3444
2.0 0.0031300 0.1446 0.0018020 0.3432
3.0 0.0076010 0.1541 0.0033430 0.3745
Fig. 10 Fitting curves of spatial sensitivity distribution with
different x-coordinate.
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to particles adjacent to the electrode.
5. Spatial ﬁltering effect of circular thin-plate electrostatic
sensor
Frequency response characteristic is very important for an
electrostatic sensor. The spatial ﬁltering effect describes an
electrostatic sensor’s performance in the spatial frequency
domain, which can be derived from the spatial sensitivity
distribution.19,20 On the other hand, the spatial sensitivity dis-
tribution can be ﬁtted by using numerical results. In practice,
charged particles often travel along the pipeline. Here the mov-
ing path is assumed to be parallel to the x-axis. It can be seenfrom Fig. 5 that the spatial sensitivity distribution curve is very
similar to a zero-mean Gaussian-type function. Thus in this
paper we choose the following ﬁtting equation to represent
the spatial sensitivity distribution for any given z0 and y0
sðx; rÞjy0 ;z0 ¼ k1eðx=k2Þ
2 þ k3eðx=k4Þ2 ð13Þ
where kiði ¼ 1; 2; 3; 4Þ are the ﬁtting coefﬁcients, which depend
on radius r and spatial coordinates (x, y0, z0). Thus one can see
that the spatial sensitivity distribution of a circular thin-plate
electrode is more complex than that of a ring-shaped one.14
Here taking y0 = 0 cm and z0 = 20 cm as an example, esti-
mates of kiði ¼ 1; 2; 3; 4Þ for different r are shown in Table 1.
The corresponding ﬁtting curves are shown in Fig. 10, which
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distribution.
Next, the spatial ﬁltering characteristics of the circular thin-
plate electrode can be deﬁned as the two-dimensional Fourier
transform of s(x, r).
Sðxx;xrÞ ¼
Z Z
sðx; rÞejxxxejxrrdxdr ð14Þ
where xx and xr are two frequency variables.
Furthermore, s(x, r) is just the function of x once r is ﬁxed.
Then Eq. (14) can be rewritten as Eq. (15) from Eq. (13).
SðxÞ ¼
Z
ðk1eðx=k2Þ2 þ k3eðx=k4Þ2Þejxxdx
¼ ﬃﬃﬃpp k1k2ex2k22=4 þ ﬃﬃﬃpp k3k4ex2k24=4 ð15Þ
where x is the frequency variable.
Next, spatial frequency characteristics for different r are
shown in Fig. 11 based on Eq. (15). It can be seen that the cir-
cular electrode acts as a low-pass ﬁlter in the spatial frequency
domain. The spatial frequency bandwidth increases with the
increase of r, and decreases with the increase of z0. Similarly,
the response amplitude increases with the increase of r, and
decreases with the increase of z0. These results illustrate that
there is more energy transfer under either a longer radius or
a smaller distance to the electrode.
Assuming a unit point charge moves past the circular thin-
plate electrode with a velocity v, and then we can consider the
input as a unit impulse signal d (x+ vt).
Thus the unit impulse response function of the circular
thin-plate electrode can be written as
hðtÞ ¼
Z
dðxþ vtÞsðxÞdx ð16Þ
Furthermore, the Fourier transform of h(t) can be used to rep-
resent the temporal frequency response function of the circular
electrode, then we will have
HðfÞ ¼
Z
hðtÞej2pftdt
¼ k1k2
2
ﬃﬃﬃ
p
p
v
eðp
2k22f
2=v2Þ þ k3k4
2
ﬃﬃﬃ
p
p
v
eðp
2k24f
2=v2Þ ð17Þ
In practice, however, a circular thin-plate electrostatic sen-
sor is composed of a circular electrode and a correspondingFig. 11 Spatial ﬁltering curves of electrostatic electrode with
different radii.signal conditioning circuit. So the output voltage of the elec-
trostatic sensor can be written as
uo ¼ Re dQðtÞ
dt
ð18Þ
where Re is the lumped equivalent resistance. Then the
temporal frequency response function of the circular
thin-plate electrostatic sensor can be expressed based on
Eqs. (16)–(18) as
U0ðfÞ ¼ j2pfvRe
k1k2
2
ﬃﬃﬃ
p
p
v
eðp
2k22f
2=v2Þ þ k3k4
2
ﬃﬃﬃ
p
p
v
eðp
2k24f
2=v2Þ
 
ð19Þ
Obviously, U0(f) is strongly related to the velocity of v.
By now, we have revealed the effect of sensor size on spatial
sensitivity and spatial ﬁltering effect, which can be used to
design circular electrostatic sensors optimally for engineering
applications.
6. Experimental validation
In order to validate the theoretic results, an experimental set-
up is built and a circular thin-plate electrode is designed, as
shown in Fig. 12.
The experimental set-up is composed of a simulated
pipeline, an electrostatic charge generator, a Coulomb meter,
an electrostatic sensor, a data acquisition card and a
notebook PC. An electrostatic ﬁeld is formed by the
electrostatic charge generator and particles are injected by
gravity from a funnel. When a particle passes through the
electrostatic ﬁeld, it will be charged and conveyed pass the
electrostatic sensor. Then the Coulomb meter is used to
measure the amount of charge on the particle. The output
signals of the electrode are pre-ampliﬁed, then sampled
and analyzed by the notebook PC. The pre-ampliﬁed circuit
is composed of a charge ampliﬁer and a voltage ampliﬁer.
The former is an ultra-low bias current monolithic operational
ampliﬁer (OPA129) and the latter is an ultra-low offset voltage
operational ampliﬁer (OP07).
The circular thin-plate electrode is made of stainless steel,
with a radius of 3 cm and a thickness of 2 mm. The sampling
rate is 5 kHz and the data length is 16384 each time. In order
to compare theoretical and experimental results, the experi-
mental results need to be normalized.Fig. 12 Experimental set-up.
Fig. 13 Output voltages of electrostatic sensor from 1 mm to 2 mm particles.
Fig. 14 Comparison of theoretical and experimental spatial
sensitivities.
818 Z. Chen et al.6.1. Validation of mathematical model of circular electrostatic
sensors
Firstly, steel particles with a diameter of 1 mm and 2 mm fall
through the pipeline along the same streamline, respectively.
The position of the streamline is at (x, 0, 20) cm. The original
signals of 2 mm and 1 mm particles are shown in Figs. 13(a)
and 13(c), respectively. It can be seen that DC bias and noise
exist. Then a wavelet transform-based preprocessing method
is used and the results are shown in Figs. 13(b) and (d)
respectively. One can see that the output voltage includes
two impulsive signals. The reason is that the output voltage
is the derivative of the induced charge. The smaller the distance
between the charged particle and the electrode is, the larger the
induced charge is. Moreover, the impulsive amplitude in
Fig. 13(b) is larger than that in Fig. 13(d). These results are
consistent with theoretical analysis. Obviously, the polarity
changes from negative to positive when the particle passes
the electrode, which means positive charge is carried by the
particle. In theory, the amplitude of the positive impulsive
signal should be larger than that of the negative one. However,
the experimental results are not the case. The ﬁrst cause
may be that the funnel is not ideally perpendicular, so the
z-coordinate of the particle becomes larger during falling.
The second cause may be that the charged particle discharges
during falling.
Furthermore, taking x= y= 0 as an example, we obtain
theoretical and experimental variations of the spatialsensitivity with z-coordinate as shown in Fig. 14. It can be seen
that the experimental results are close to the theoretical ones.
6.2. Validation of temporal frequency characteristics
For a steel particle with a diameter of 2 mm, the effect of the z
coordinate and the radius on the temporal frequency charac-
teristics of the electrostatic sensor is shown in Fig. 15. At the
same time, in order to obtain the corresponding theoretical
values, v in Eq. (19) can be calculated as 2ghd, where hd is
the free falling distance of the particle.
Fig. 15 Effects of z coordinate and radius on temporal
frequency characteristics.
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sor acts as a band-pass ﬁlter in the spatial frequency domain.
The output voltage near the electrode has a wider frequency,
while the radius has little effect on the frequency width in
the temporal frequency domain. Also it must be noted that
there are obvious differences between theoretical and experi-
mental results in Fig. 15. The ﬁrst cause may be that the exper-
imental conditions are not ideal. The second cause is that the
actual charged particle is far from a unit point charge, but
one with its own shape and size.
7. Conclusions
(1) A mathematical model of a circular thin-plate electro-
static sensor is derived, which makes it easier and faster
to study sensing characteristics in the whole space.
(2) In any z plane, the spatial sensitivity decreases with the
increase of |x| and |y| and the maximum value is
achieved at (x, y) = (0, 0).
(3) In any y plane, the spatial sensitivity decreases with the
increase of z if jxj 6 r. If |x| > r, the spatial sensitivity
initially increases and then decreases with the increase
of z. Additionally, the spatial sensitivity increases with
radius r.
(4) The circular electrostatic sensor acts as a low-pass ﬁlter
in the spatial frequency domain. The spatial frequency
bandwidth increases with the increase of radius r anddecreases with the increase of z. The output voltage near
the electrode has a larger bandwidth in the temporal
frequency domain and radius r has little effect on the
bandwidth.Acknowledgements
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